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On the perturbation of the electromagnetic energy due to the
presence of inhomogeneities with small diameters
Christian DAVEAU Abdessatar KHELIFI
Abstract
We consider solutions to the time-harmonic Maxwell problem in R3. For such solution we
provide a rigorous derivation of the asymptotic expansions in the practically interesting situation,
where a finite number of inhomogeneities of small diameter are imbedded in the entire space.
Then, we describe the behavior of the electromagnetic energy caused by the presence of these
inhomogeneities.
Sur la perturbation de l’e´nergie e´lectromagne´tique due a` la pre´sence des
inhomoge´ne´ite´s de petits diame`tres
Re´sume´
Nous conside´rons des solutions du proble`me harmonique de Maxwell dans R3. pour une telle
solution nous obtenons des formules asymptotiques rigoureuses qui sont dues a` la pre´sence d’un
nombre fini d’inhomoge´ne´ite´s avec petit diame`tre dans l’espace entier. Puis, nous de´crivons le
comportement de l’e´nergie e´lectromagne´tique provoque´ par la pre´sence de ces inhomoge´ne´ite´s.
Version franc¸aise abre´ge´e
Dans cette Note, on suppose que dans R3 on a m inhomoge´ne´ite´s {zj + αBj}mj=1, ou` α est un
petit parame`tre, Bj ⊂ R3 est un ouvert borne´ et les points {zj}mj=1 ve´rifient l’hypothe`se (1).
Soient la perme´abilite´ magne´tique µα et la permittivite´ e´lectrique εα de forme (2).
L’objectif du travail de´crit dans cette Note est de voir comment les solutions perturbe´es
du probleme (3) se comportent quand un nombre fini d’inhomoge´ne´ite´s {zj + αBj} de petits
diame`tres sont introduites dans l’espace entier R3. Ceci nous ame`ne, e´galement, a` e´tudier
l’e´volution de l’e´nergie e´lectromagne´tique correspondante selon cette de´formation du milieu de
propagation.
Nous commenons notre analyse dans la section 2 en de´rivant rigoureusement les de´veloppements
asymptotiques des champs e´lectrique et magne´tique ce qui sont uniforme´ment valide´s dans
l’espace. Ces formules asymptotiques sont construites par la me´thode de de´veloppements asymp-
totiques assorties. Concernant cette me´thode, le lecteur peut consulter [8, 11]. En domaine
borne´, on peut voir aussi les travaux [1, 3, 4, 5]. Le terme d’ordre principale, dans des
de´veoppements asymptotiques analogues (mais pour le cas d’un domaine borne´), a e´te´ de´rive´
par Vogelius et Volkov [15] et Ammari et al. [6]. Nos formules asymptotiques utilisent des
tenseurs de polarisation associe´s a` des inhomoge´ne´ite´s e´lectromagne´tiques qui semblent eˆtre
des ge´ne´ralisations normales des tenseurs qui ont e´te´ pre´sente´s par Schiffer et Szego¨ [14] et
comple`tement e´tudie´ par beaucoup d’autres auteurs [2, 7, 9, 12].
Le plan de cette Note est comme suit:
Dans la section 1, Nous formulons le proble`me principale dans ce travail. Dans la section 2,
supposant que les champs e´lectromagne´tiques (Eǫ,Hǫ) sont dans des espaces de Sobolev con-
venables, nous obtenons a` travers la formule de repre´sentation inte´grale de Lippman-Schwinger
1
2des de´veloppements asymptotiques uniformes pour les champs e´lectromagne´tiques et la densite´
d’e´nergie. Puis, nous formulons une estimation pour l’e´nergie e´lectromagne´tique ce qui nous
apporte aux re´sultats de stabilite´ ne´anmoins la pre´sence de petites inhomoge´ne´ite´s.
1 Problem formulation
We suppose that there is a finite number of electromagnetic inclusions in R3, each of the form
zj + αBj , where Bj ⊂ R3 is a bounded and C∞-domain containing the origin. The total
collection of inhomogeneities is:
Bα = ∪mj=1{zj + αBj}.
The points zj ∈ R3, j = 1, . . . ,m, which determine the location of the inhomogeneities, are
assumed to satisfy the following inequality:
|zj − zl| ≥ c0 > 0, ∀ j 6= l. (1)
Let µ0 and ε0 denote the permeability and the permittivity of the free space, ω > 0 is a given
frequency and k = ω
√
ε0µ0 > 0 is the wave number. We denote by x = (x1, x2, x3) the cartesian
coordinates in R3. We shall assume that µ0 > 0 and ε0 > 0 are positive constants. Let µj > 0
and εj > 0 denote the permeability and the complex permittivity of the j-th inhomogeneity,
zj + αBj ; these are also assumed to be positive constants. Introduce the piecewise-constant
magnetic permeability
µα(x) :=
{
µ0, x ∈ R3 \ B¯α,
µj , x ∈ zj + αBj , j = 1 . . .m. (2)
The piecewise-constant electric permittivity εα(x) is defined analogously. If we allow the degen-
erate case α = 0, then the function µ0(x) (resp. ε0(x)) equals the constant µ0 (resp. ε0).
We suppose now that the collection of inclusions Bα is within an open and fictive subset Ω ⊂ R3
and the source current density Js is at position in R
3 \ Ω¯.
Let (Eα,Hα) ∈ R3×R3 denote the time-harmonic electromagnetic fields in the presence of
the electromagnetic inclusions Bα. These time-harmonic fields [10, 13] are the solutions of the
Maxwell’s equations


∇×Eα = iωµαHα, in R3,
∇×Hα = −iωεαEα + Js, in R3,
ν ×Eα and ν ×Hα are continuous across ∂(zj + αBj),
lim
|x|→∞
|x|[∇×Eα − ik x|x| ×Eα
]
= 0 and lim
|x|→∞
|x|[∇×Hα − ik x|x| ×Hα
]
= 0.
(3)
Here ν denotes the outward unit normal to ∂(zj + αBj). We eliminate the magnetic field from
the above equations by dividing the first equation in (3) by µα and taking the curl to obtain
the following system of equations for Eα:


∇× µ−1α ∇×Eα − ω2εαEα = iωJs, in R3,
ν ×Eα is continuous across ∂(zj + αBj),
lim
|x|→∞
|x|[∇× Eα − ik x|x| ×Eα
]
= 0.
(4)
Having found the electric field Eα, we then obtain the magnetic field Hα through the formula
Hα =
1
iωµα
∇×Eα.
3The electromagnetic energy is defined by:
Eα(t) := 1
2
∫
R3
(εα|Eα(x, t)|2 + (µα)−1|Hα(x, t)|2)dx, for t ≥ 0, (5)
and it is not hard to see that E ∈ C1(R+).
The finiteness of the electromagnetic energy Eα requires that both the electric and the magnetic
field belongs to a space of fields with square integrable curls:
H(curl;R3) := {a ∈ L2(R3)3; curl a ∈ L2(R3)3}.
It can be shown that there exists a unique solutionEα ∈ C1(R+;L2(R3))∩(C0(R+;H(curl;R3)))
to the problem (4), and this solution satisfies the following Lippman-Schwinger integral repre-
sentation formula .
Lemma 1.1 Let Eα be the solution of the problem (4). Then, the following integral represen-
tation formula holds
Eα(x) = E0(x) +
m∑
j=1
∫
zj+αBj
(− iω(µj − µ0)∇′ × G(x, x′) ·Hα(x′) (6)
+ω2µ0(εj − ε0)G(x, x′) · Eα(x′)
)
dx′.
The 3× 3 matrix valued function G means the Green’s function solution to
{ ∇×∇× G(x, x′)− k2G(x, x′) = I3δ(x − x′), in R3,
lim|x|→∞ |x|
[∇× G(x, x′)− ik x|x| × G(x, x′)] = 0.
where I3 is the 3 × 3 identity matrix. In the above notation the curl operator, ∇×, acts on
matrices column by column and ∇′ denotes the derivation with respect to the second variable
x′.
The proof of Lemma 1.1 follows immediately if we multiply the first equation in (4) by G(x, x′)·v
(v ∈ R3) and if we integrate by parts over the domain Ω which contains the set of inclusions
{zj + αBj}mj=1.
2 Asymptotic behavior
As we said in the introduction our analysis will be dependent on polarization tensorsM ∈ R3×3.
We remember that this tensors are defined by
M(qj/q0;Bj) :=
∫
Bj
∇vq(x)dx, (7)
where {qj} (resp. q0) denote either the set {εj} or {µj} for 1 ≤ j ≤ m (resp. denote either ε0
or µ0) and where the functions v
q, which dependent on the contrast qj/q0, are solutions of the
following problem, { ∇ · q(x)∇vq(x) = 0, in R3,
vq(x)− x→ 0 as x→∞. (8)
The function q is given by
q(x) =
{
q0, x ∈ R3\Bj ,
qj , x ∈ Bj .
The following holds.
Proposition 2.1 Suppose that (1) and (7) are satisfied and let (Eα,Hα) be the solution of the
problem (3), then we have
4(i) The electric field Eα satisfy the following uniform expansion
Eα(x) = E0(x) + α
3
m∑
j=1
[− iω(µj − µ0)∇′ × G(x, zj) ·M(µj/µ0;Bj)H0(zj) (9)
+ω2µ0(εj − ε0)G(x, zj) ·M(εj/ε0;Bj)E0(zj)
]
+O(α4).
(ii) The magnetic field Hα satisfy the following uniform expansion
Hα(x) = H0(x) + α
3
m∑
j=1
[
iω(εj − ε0)∇′ × G(x, zj) ·M(εj/ε0;Bj)E0(zj) (10)
−ω2ε0(µj − µ0)G(x, zj) ·M(µj/µ0;Bj)H0(zj)
]
+O(α4).
To evaluate the influence of the presence of these inhomogeneities with small diameters on
the evolution of the electromagnetic energy defined by (5), we shall introduce its density per
unit of volume which denoted by ℵα. According to Poynting’s theorem, energy density ℵα is
given by:
− ∂
∂t
ℵα = ∇ ·Πα + Js ·Eα, (11)
where Πα is the Poynting vector,
Πα =
Eα ×Hα
µ0
. (12)
The following theorem is concerned with an important result which justifies the behavior of
the electromagnetic energy when a finite number of inhomogeneities are introduced in the entire
space.
Theorem 2.1 Suppose that (1) and (11) are satisfied and suppose that the inclusion Bj is a
ball for each j ∈ {1, · · · ,m}. Then, the following uniform expansion holds
∂
∂t
(ℵ0(x, t) − ℵα(x, t)) = α3
m∑
j=1
3|Bj |
( εj − ε0
εj + 2ε0
[
k2Js · (G(x, zj) ·E0(zj))
+ 1/µ0∇ · [iωε0E0 × (∇′ × G(x, zj) · E0(zj))
+ k2(G(x, zj) · E0(zj))×H0(zj)]
]
− µj − µ0
µj + 2µ0
[
iωµ0Js · (∇′ × G(x, zj) ·H0(zj))
+ 1/µ0∇ · [iωµ0(∇′ × G(x, zj) ·H0(zj))
+ k2E0 × G(x, zj) ·H0(zj)]
])
+O(α5).
Proof.
Recall the following identity: ∇ · (A×B) = B · ∇ ×A−A · ∇ ×B. Relation (12) immediately
gives
∇ · (Πα) = 1
µ0
[
Hα · ∇ × Eα −Eα · ∇ ×Hα
]
. (13)
Next, under assumption that inclusion Bj is a ball for all j ∈ {1, · · · ,m}, it was proved in [7]
that polarization tensors (7) are simplified
M(µj/µ0;Bj) =
3µ0
µj + 2µ0
|Bj |I3, (14)
and
5M(εj/ε0;Bj) =
3ε0
εj + 2ε0
|Bj |I3. (15)
In other words, the inclusions Bj are symmetric about their centers (balls). Then, according
to [5] the correction of order four in relation (9) is zero and therefore the remainder is in fact
O(α5). Using this result and inserting relations (14) and (15) into relation (9), the following
expansions immediately holds:
Eα(x) = E0(x) + α
3
m∑
j=1
[− iωµ0 3(µj − µ0)
µj + 2µ0)
|Bj |∇′ × G(x, zj) ·H0(zj) (16)
+k2
3(εj − ε0)
εj + 2ε0)
|Bj |G(x, zj) · E0(zj)
]
+O(α5),
In similar fashion we can get an expansion for the magnetic field:
Hα(x) = H0(x) + α
3
m∑
j=1
[
iωε0
3(εj − ε0)
εj + 2ε0)
|Bj |∇′ × G(x, zj) ·E0(zj) (17)
−k2 3(µj − µ0)
µj + 2µ0)
|Bj |G(x, zj) ·H0(zj)
]
+O(α5).
Using relations (16) and (17), the following holds
Hα · ∇ ×Eα = H0 · ∇ ×E0 + α3
{ m∑
j=1
c1H0 · ∇ × (∇′ × G(x, zj)H0)
+ c2H0 · ∇ × (G(x, zj)E0) +
m∑
j=1
c′1(∇′ × G(x, zj)E0) · (∇× E0)
+ c′2(G(x, zj)H0) · (∇×E0)
}
+O(α5),
where the constants c1, c2, c
′
1 and c
′
2 are given by

c1
iωµ0
=
c′2
k2
= −3 µj − µ0
µj + 2µ0
|Bj |,
c2
k2
=
c′1
iωε0
= 3
εj − ε0
εj + 2ε0
|Bj |.
In the same manner we find the relation for the term Eα · ∇ ×Hα; therefore relation (13)
becomes
∇ · (Πα) = ∇ · (Π0) + α3
m∑
j=1
1
µ0
[
c1∇ ·
(
(∇′ × G(x, zj)H0)×H0
)
+ c2∇ ·
(G(x, zj)E0 ×H0)+ c′1∇ · (E0 × (∇′ × G(x, zj)E0))
+ c′2∇ ·
(
E0 × G(x, zj)H0
)]
+O(α5).
The proof is achieved by expanding the term Js · Eα at order 5 according to α in (11).
Based on Theorem 2.1, we can prove the following main result.
Theorem 2.2 Let T > 0, then there exists some positive constant C such that the following
estimate as α→ 0 holds uniformly in t ∈ [0, T ]
|Eα(t)− E0(t)| ≤ Cα3,
where the constant C is independent of α and the set of points {zj}mj=1 provided that assumption
(1) holds, but this constant C is dependent on |Bj | and T .
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